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Abstract 

We introduce an algebraic framework for the description of baryons. Within this framework 
we study a collective string-like model and show that this model gives a good overall description 
of the presently available data. We discuss in particular masses and electromagnetic couplings, 
including the transition form factors that can be measured at new electron facilities. 

1 Introduction 

In the last 20 years QCD has emerged as the theory of strong interactions. This theory has 
been tested in the perturbative regime by several experiments at CERN and other laboratories. 
However, in the nonperturbative regime, defined in this article as E < 3 GeV, no solution of QCD 

is known, except for lattice calculations of the ground state and its properties. Even with the 
development of new dedicated computers, the lattice calculation of the excitation spectrum of 
hadrons is a daunting problem and its solution is still years away. 

In a series of papers starting with this one we address the problem of the spectroscopy of 
baryons in the nonperturbative regime using methods introduced in this field 30 years ago to 
describe its flavor-spin part Q] and extended here to include the space part. This extension is 
stimulated by the success that the use of algebraic methods has had in other fields of physics, 
most notably nuclear |Q| and molecular |3) physics. By making use of these methods we are able 
to calculate in a straigthforward way all observable quantities and thus test various models of 
hadronic structure. In particular, we are able to contrast the nonrclativistic Q or relativized [^) 
valence quark models with string-like models. In doing so, we also provide a more transparent 
understanding of the extent to which the nonrclativistic reduction of the perturbative one-gluon 
exchange interaction used in [Q, ||] holds in the nonperturbative regime. However, the main purpose 
of this article is not so much that of testing well-known models, but rather that of (i) introducing 
the algebraic framework and, most importantly, of (ii) studying a new 'collective' model of baryons 
which appears to be give a realistic description vis a vis the experimental data, especially in the 
form factors. 

The outline of this article is as follows: in Sections 2-4 we present some general properties of 
the algebraic approach, in Sections 5 and 6 we discuss the mass spectrum and in Sections 7-10 the 



electromagnetic couplings of nonstrange baryons. Some of the more technical details are presented 
in the appendices. 



2 Models of baryons 

We consider baryons to be built of three constituent parts. The global internal quantum numbers 
of these three parts are taken to be: flavor=triplet=u,d,s; spin=doublet=l/2; and color=triplet 
(we do not consider here heavy quark flavors). The internal algebraic structure of the constituent 
parts is thus the usual 

Qi = SU f (3)®SU s (2)®SU c (3) . (2.1) 

(We use in this paper the notation appropriate to groups, i.e. upper case letters and <g> signs, 
rather than to algebras, i.e. lower case letters and © signs.) The quantum numbers need not be all 
concentrated at one point but may be distributed over a volume of size equal to the hadronic size. 
In particular, in this paper we discuss mostly the string-like configuration depicted in Figure 
Although the string is fat, we shall, from time to time, idealize it as a thin string with a distribution 
of mass, charge and magnetic moments. The algebraic method that we shall introduce can easily 
be applied to the single-particle valence quark model as well and therefore we shall present also 
results for this model when needed for comparison. 

The main purpose of this paper is to study the properties of baryon resonances in terms of a 
string- like model (see Figure 0), in particular the mass spectrum and electromagnetic couplings. 
In order to do so, we need a framework within which this study can be done. In the valence quark 
model this is usually a Schrodinger-like differential equation with two-body interactions. We prefer 
here instead to use a more general method based on a bosonic quantization of the relevant degrees of 
freedom. This method has been extensively used in nuclear and molecular physics [[}| . The relevant 
degrees of freedom characterizing the configuration in Figure [I] are the two Jacobi coordinates p, 
A (in addition to the center-of-mass coordinate which is not relevant for the excitation spectrum) . 
The relative Jacobi coordinates are given by 

A = -j=(n+? 2 -2f 3 ) , (2.2) 

where r*i, r-i and r*3 denote the end points of the string configuration in Figure |. The method 
of bosonic quantization consists in introducing two vector boson operators (one for each relative 
coordinate) which are related to the coordinates, p and A, and their conjugate momenta, p p and 
P\, by 

^p,m — \/2 ~^ ^Pp^n) : 

b \,m = -^(Am - ipA,m) , 

b\, m = ~7|(Am +iP\,m) , (2-3) 

with m = —1,0, 1, and an additional auxiliary scalar boson, s\ s. These operators satisfy usual 
boson commutation relations and operators of different type commute. If we denote generically 
the set of seven creation operators by c^, 

&U > b{ m , st = 4 , (2.4) 
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with a = 1, ... ,7, the bilinear products 

Qr '■ G aa ' = c^ a c a i , (2-5) 

with a, a' — 1, . . . , 7 generate the Lie algebra of U(7). This bosonic quantization scheme follows 
the usual prescription that any problem in v space degrees of freedom be written in terms of 
elements of the Lie algebra U(y + 1), and that all its states be assigned to the totally symmetric 
representation [N] of U{v + 1) M. All operators can be expanded into elements of Q r = U(7), and 
states can be constructed by acting with the boson operators on a vacuum 

^($ n '(&irv)* r - w '- nA io) , (2.6) 

where Af is a normalization factor. The complete algebraic structure of the problem is thus 

Q = G r ®Gi = U(7)®SU f (3)®SU s (2)®SU c (3) . (2.7) 
Q is the spectrum generating algebra (SGA) of baryon structure. 



3 The algebra of U(7) 



We want to construct states and operators that transform according to irreducible representations 
of the rotation group (since the problem is rotationally invariant). The creation operators, 6 J, and 

b\, transform by definition as vectors under rotation. The annihilation operators do not. It is easy 
to construct operators that transform appropriately. They are 



(_l)i->» 
(-l) 1 -"^ 



(3.1) 



Using these operators one can rewrite the 49 elements of U(7) in their angular-momentum coupled 
Racah form 



(3.2) 



where cj (cj) for I = 1 denotes the vector bosons bj, (b p ), b\ (b\) and for I = the scalar boson 
(s). The cross denotes a tensor product with respect to SO (3). 

Another unavoidable problem in baryon structure is that, if some of the constituent parts are 
identical, one must construct states and operators that transform according to representations of 
the permutation group (either S3 for three identical parts or S2 for two identical parts). The prob- 
lem is particularly acute for nonstrange baryons, if one assumes that the three constituent parts are 
identical. In this case one must construct operators that transform as irreducible representations of 
S3. In this construction ||, we use the transposition P(12) and the cyclic permutation P(123). All 
other permutations can be expressed in terms of these two elementary ones. The transformation 
properties under S3 of all op erato rs of interest follow from those of the building blocks. Using the 
definitions of Eqs. (^2) and (2J3), one has the following transformation properties of the creation 
operators under 53 



P(Yl 



P(123) 







cos(2tt/3) sin(27r/3) 
-sin(27r/3) cos(2tt/3) 




(3.3) 
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There are three different symmetry classes for the permutation of three objects: 

□ □□ = 5(ymmetric) 



= M(ixed symmetry) 

(3.4) 

□ 

□ = A(ntisymmetric) 

□ 



with dimensions 1, 2 and 1, respectively. Eq. (3.3) shows that the scalar boson, s^, transforms 
as the symmetric representation, S, while the two vector bosons, b J and b x , transform as the 
two components, M p and M A , of the mixed symmetry representation. Alternatively, the three 
symmetry classes can be labeled by the irreducible representations of the point group D 3 (which 
is isomorphic to S3) as A\, E and A 2 , respectively. 

Now we can rewrite the 49 elements of the algebra of U(7) in terms of the operators that 
transform as irreducible representations of 5*0(3) and 6*3, 





= (bl xs- s t X 6 p )W , 




= (fit xs- s t X 6 A )W , 


A 


= i (bl x S + s f x b p )$ 


A\^ m 


= i(b{xs + stxb x )$ 


Ml) 


= (bl xb x + b{ x6 p )W 


Mi) 


= (6t xb p -b{ x6 A )W 


Mi) 


= (6t x6 p + 6 A x6 A )W 


Ml) 


= i(6t x6 A -6 A x6 p )W 







(3.5) 

with Z = 0,1,2. For future reference, we present here the explicit expressions of some other 



operators of interest. They are all linear combinations of the generators of Eq. (3.5) 

h p = V3>t x6 p )(°) , 

n A = V3(&i x 6 A )[, 0) , 
TV = n s + n p + n A , 

= -V3G^ 0) . (3.6) 

Also for future reference and in view of the fact that this problem is of relevance to other fields 
as well (triatomic molecules ||), we summarize in Table | the transformation properties of some 
linear and bilinear combinations of boson operators. 

4 Basis states 

In order to do calculations one needs to construct a complete set of basis states for the represen- 
tations of U(7). These are obtained by considering subalgebras of U(7). There are two bases of 
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particular interest: 



U P (3)®U X (3) 
I7 P (3) ® S0 X (4) 



D 50 p (3) ® 50 A (3) D 50(3) D 50(2) . (4.1) 



The first one corresponds to two coupled three-dimensional harmonic oscillators. The states in 
this basis are characterized by a set of quantum numbers related to the irreducible representations 
of the subgroups 



U(7) 
i 

N 



D U p (3) ® U X (A) D U p (3) 
I 



I 



D 50 p (3) <g> 50 A (3) d 50(3) D 50(2) 



I. 



I 
L 



I 



(4.2) 



For a given value of N, i.e the model space in which calculations are done, one has 



it fi 

"A 

L P 
Lx 
L 



0,1,... 
0,1,... 

>^pi Tip 
nx,nx 



,N -n p , 

- 2, . . . , 1 or , 

- 2, . . . , 1 or 



\L P -Lx\ 



\L P -Lx\ 



,L„ + L\ 



-L,-L + l, 



The parity of the state is it = (— ) l p+ l ^. The basis states are then uniquely labeled by 

\N,(n p ,L p ),(nx,L x )]L,M L ) . 



(4.3) 



(4.4) 



The same basis of two coupled harmonic oscillators is employed in the nonrelativistic and relativized 
quark models. Early quark model calculations [|| used n p + nx < 2, while more recent calculations 
H have used n p + nx < 6. These choices correspond in U (7) to taking the total number of bosons 
equal to N — 2 and N = 6, respectively. 

The second basis is very convenient to evaluate matrix elements of the electromagnetic transi- 
tion operator (see Appendix D). It corresponds to a coupled system of a three-dimensional harmonic 
oscillator, U p (3), and a three-dimensional Morse oscillator, 50a(4). The states in this basis are 
labeled by 



U(7) 
i 

N 



D U p (3) ® U x (4) D 0,(3) <8> 50 A (4) 



I 

rip 

D 50 p (3) 
I 

La 



i 

CO 

50 A (3) d 50(3) D 50(2) 
L x L M L 



(4.5) 



For a given value of JV the allowed values of the quantum numbers are given by 

, 1 or , 



to = N - ?i p , N - n p - 2, 
Lx = 0, 1, . . . , lj . 



(4.6) 



The allowed values of n p , L p , L and Ml are the same as in the harmonic oscillator basis. The 
parity is it — {— ) l p+ l ->>. Summarizing, the basis states are uniquely labeled by 



\N, (n p ,L p ),(L0,Lx);L,M L 



(4.7) 
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5 Mass operator 



In general the mass operator depends both on the spatial and the internal degrees of freedom. We 
first discuss the contribution from the spatial part and then that of the spin-flavor part. 

5.1 Space part 

The algebraic framework of the previous sections allows one to study the excitation spectra of 
objects with the geometric shape of Figure^. In nonrelativistic problems the spectrum is obtained 
by expanding the hamiltonian in terms of operators of the algebra Q r . Here we prefer to expand 
the mass-squared operator into elements of Q r , 

M 2 = f(G aa ,) , G aa , G Q r . (5.1) 

The expansion is usually a polynomial in G aa '- When the three constituent parts are identical, 
the mass-squared operator must transform as the symmetric representation S (or A\) of 63 (or 
-D3). The most general M 2 operator that preserves angular momentum and parity, transforms as 
a scalar under the permutation group, and is at most quadratic in G aa i is 

M 2 = M^ + e s s^s-e p {bl-b p + bl-bx)+u (sh^ss)-u 1 s\bl-b p + b{-bx)s 
+v [(fit • fit + 6+ • b{)s~s + sV(&, • b p + b x ■ bx) 

+ [( fe P x h l - b l x 6 l) (0 • & x ~ b p ~ &a x 6 A ) W + 4 (6j x b[ )W • (6 A x &,)«" 

1=0,2 

+d (fit x &t)« . (g A x 5 p )(D + ^ w; (fit x b t + 6 t x 6 t)(0 . (b p xb p + b x x 6 A )« . 

(=0,2 

(5.2) 

Here the dots indicate scalar products and the crosses tensor products as usual. If the three objects 
are not identical (as is the case in strange baryons) or if the interactions between the three objects 
are not identical (as is the case if there is a flavor-spin dependence), the mass-squared operator 
is no longer invariant under S3, and a more general form, still within U(7), arises. This situation 
will be discussed in a subsequent publication. 

The eigenvalues and corresponding eigenvectors of the mass-squared operator in Eq. (|5.2|) can 



be obtained exactly by diagonalization in the basis of either Eq. (4.4) or (4.7). In Appendix A we 
describe how the matrix elements in either basis are calculated. The wave functions obtained in 
this way have by construction good angular momentum, parity and permutation symmetry. The 
permutation symmetry of a given wave function is determined as follows. Firstly, since Eq. ( |5.2| ) 
is invariant under the transposition P(12), basis states with n p even and n p odd do not mix, and 
can therefore be treated separately. This allows one to distinguish between states with S, Mx 
and states with A, M p symmetry. Secondly, we note that the operator K 2 ( where K y is given in 
Eq. ([O])) commutes with the S3-invariant mass-squared operator of Eq. ( |5.2| ) and has expectation 
values, Ky (with K y — 0, ±1, ±2, . . .). Since the cyclic permutation P(123) acts in Fock space 

as a rotation of 9 = 2ir/3 induced by K y : exp[— i 0K y ], one finds that for \K y \ = 0(mod 3) the 
wave functions transform as S or A, whereas for \K y \ = 1, 2 (mod 3) they transform as M p or Mx- 
In conclusion, the transposition separates S, Mx from A, M p and the cyclic permutation separates 
S, A from M p , Mx- We note that the quantum number K y is analogous to the label m used in JTT[ , 
since the operator — of ]ll[ is equal to K y . 



Eq. (5.2) contains several models of baryon structure. These models correspond to different 



choices of the coefficients in Eq. (5.2). We mention in particular two classes of models: 

(i) Single-particle (harmonic oscillator) quark models. These correspond to the choice vq = 0, 
i.e. no coupling between different harmonic oscillator shells, 

M 2 = Mq + e s st s — e p (fit -bp + b\ -bx) + anharmonic terms , (5.3) 



G 



or, introducing the number operators of Eq. (3.6) 

M 2 = M 2 + e s N + ( £p — Es) {n p + n\) + anharmonic terms . (5-4) 

The nonrelativistic harmonic oscillator quark model [Q is a model of this type, although it is 
written for the mass M rather than for M 2 , 



Pp pI 3 „ 3 , 2 , . 

M = -2- + — + -Kp + -k\ 2 + perturbations 



e(— &], ■ ^ — & A • 6a + 3) + perturbati 



ions 



= e(«p + n\ + 3) + perturbations , 



(5.5) 



with e = \/3k/ '/i. The perturbations involve both anharmonic terms and terms that couple different 
shells, but the breaking is relatively small. For example, the nucleon wave function in these type 
of models is still dominated by the n p + n\ =0 component (typically of the order 80% ]l2||). 
The unperturbed harmonic oscillator quark model corresponds algebraically to the decomposition 
of U(7) into £/(6) ® U(l). All results of these models are contained in U(7), provided that the 
expansion in terms of elements G aa ' is made for the mass operator rather than its square. In 
Figure || we show the spectrum for the unperturbed harmonic oscillator. 

(ii) Collective (string) models. In these models the three constituent parts move in a correlated 
way. They correspond to the choice vq =/= 0. Since in this case the mass-squared operator contains 
terms of the type b^b^ss + s^s^bb, the corresponding eigenfunctions are spread over many oscillator 
shells. In order to study models of this type (which is the main and novel purpose of this paper), 
it is instructive to rewrite the mass-squared operator of Eq. (|5.2| ) in terms of vibrational and 
rotational contributions to the mass spectrum. The general procedure for such a decomposition 
was introduced |L3) for the Interacting Boson Mo del in nuclear physics. Here we apply the same 
method to the S^-invariant mass operator of Eq. (5.2) f| 



M 2 = Ml + M 2 ih + M 2 ^ + M 2 . 



rot 



vib-rot 



(5.6) 



with 



vib 



6 (r 2 sV -b\-b\-b\- &1) (r 2 ss -b p -b p -b x - h 



+6 



(bl-bl-b\-b{ 



b p ■ b p 



bx-L) +4 (6t - 6 



rot 



M vib-rot 



v /v(o) Mo) 



£ 3 L ■ L + £ 4 Ky ■ Ky 



£ 5 



A p ■ A p + A x ■ A y 



M 2 = e7 + es(np + n A ) 



(5.7) 



The explicit expression of Gq , . . . , in terms of boson operators is given in Eqs. (3.5) and (3.6). 
By rewriting M 2 in this form one emphasizes the physical content of the string-like model, since 
the excitation spectrum will now appear as vibrations and rotations of the string-like configuration 
shown in Figure [l]. The new parameters in Eq. ( ^>.7[ ) are linear combinations of those in Eq. (5.2). 

Although the mass spectrum and corresponding eigenfunctions of M 2 can be obtained numer- 
ically by diagonalization, we prefer here to use coherent states to gain further insight into the 
physical content of each contribution. To this end, we use the coherent (or intrinsic) states of Ap- 
pendix B. We begin by considering the vibrational term M 2 .,. The Bose condensate of Eq. ( |B.2| ) 
is the lowest eigenstate of this term (£1, £ 2 > 0). Indeed the separation (5.6) has been done in 
order to satisfy this condition. For large N higher eigenstates are of the type (B.4) and, to leading 
order in N, the corresponding eigenvalues are given by B 



N [m n u + k 2 (n v + n w )] 



(5.8) 
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where n u ,n v ,n w (> 0) are the eigenvalues of the number operators b^ u b u , b\b v , b^bw (the tf u , 6|, 



b]^ operators are given in Eq. (B.l)), and 



«i = 4£i R 2 , 

k 2 = A&R 2 {1 + R 2 y 1 • (5.9) 



The vibrational part of the mass-squared operator of Eq. ( |5.6| ) na s a very simple physical inter- 
pretation. Its spectrum has three fundamental vibrations (see Figure ^). The u-vibration is the 
symmetric stretching vibration along the direction of the strings (breathing mode), while the v- 
and the w-vibrations denote bending vibrations of the strings. The latter two vibrations are de- 
generate in the case of three identical objects 0. We note in passing that QCD based arguments 
suggest that while the string is soft towards stretching, it is hard towards bending and thus one 
expects the v— and w-vibrations to lie higher than the u-vibration. 

Next we discuss the rotational part of the mass-squared operator. It contains two terms that 
commute with the general ^-invariant mass operator of Eq. ([T^) and hence correspond to exact 
symmetries. The eigenvalues of these rotational terms are 

M r 2 Qt = ^L(L + 1)+^K 2 . (5.10) 

Here L is the orbital angular momentum and K y corresponds in the large N limit to the projection 
K of the angular momentum on the threefold symmetry axis (the y-axis in Figure p"5| ). For the 
ground state band the values of L and K y are 

L = 0, 1, 2, ... , Lmax , 
K y = 0,±1,---,±L. (5.11) 



For the excited bands the situation is slightly more complicated and it will not be discussed here. 
Again the physical interpretation of Eq. (|5.10| ) is simple, since it describes the rotational spectrum 
of the string-like configuration of Figure |lj. For finite N the rotational spectrum is truncated at a 
finite value of L — imax, while for ./V — > oo also Lmax — ► oo. 

The discussion up to this point applies to a ny o bject with the geometric configuration of 
Figure 0. However, the rotational spectrum of Eq. ( 5.10 ) does not reproduce a characteristic feature 



of hadronic spectra (expected on the basis of QCD |15j and investigated decades ago) , namely, the 
occurrence of linear Regge trajectories. But, since L and K y are good quantum numbers one can 
consider, still remaining within U(7), more complicated functional forms, f(L 2 ) + g(Ky), with 
eigenvalues, f(L(L + 1)) + g(K y ). Linear Regge trajectories are simply obtained by choosing the 
form 



with eigenvalues 



M r 2 Qt = ay/L>L+l/4 + 0y/KyK y , (5.12) 
M 2 0t = a(L + 1/2) + /3 \K y \ . (5.13) 



The rotational spectrum of Eq. (5.1C) and (5.13) is that of an oblate top |14|]. If £4 = (or = 0) 



ra. if, 

re 111 hat 



the top is symmetric. When viewed as a top, the configuration of Figure hi has D3 point group 
symmetry. Since D3 is isomorphic to S3, one can label the states either with S, M and A, or with 
the equivalent labels of D 3 , i.e. Ax, E and A 2 , 

S^Ai, M<->E, A^A 2 . (5.14) 



Unlike the rotational part, the last term in the ^-invariant mass-squared operator of Eq. ( p.6[ ) 
does not commute with the vibrational part and hence introduces vibration-rotation interactions. 
We shall not discuss this term any further, since the experimental mass spectrum of baryons is 
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not known accurately enough to be able to detect rotation-vibration couplings. Finally, the Mq 



term in Eq. (5.6) contains an overall constant that does not contribute to mass splittings and a 
one-body term whose contribution is negligible in the large ./V limit. 

We summarize the results of the present analysis by showing in Figure ^ the spectrum of the 
string-like configuration of Figure [l], given by the simplified mass formula 

M 2 = Mq + N [k% n u + K2 (n v + n w )] + a L . (5.15) 

Here we have discarded the -Ky-dependent term in the rotational part, since the experimental 
mass spectrum of nonstrange baryons does not provide any compelling evidence for its presence. In 
Figure [| we have used the projection K of the angular momentum (equal to the algebraic K y for the 
ground and first excited vibrational band). All constant contributions have been absorbed into Mg. 
A comparison with the mass spectrum of the harmonic oscillator in Figure ^ shows that whereas 
for the harmonic oscillator the excited L n = + states belong to the two-phonon (n = n p + n\ = 2) 
multiplet, in the collective string model they correspond to one-phonon vibrational excitations and 
arc the bandhcads of these fundamental vibrations. 



5.2 Spin-flavor part 

In the previous subsection we have discussed the space part of the mass-squared operator with 5*3 
symmetry. We turn now to a discussion of the internal degrees of freedom of the constituent parts 
and construct the corresponding contribution to the mass-squared operator and their eigenfunc- 
tions. The spatial part of the baryon wave function, which is determined by the U (7) mass-squared 
operator, has to be combined with the spin-flavor and color part, in such a way that the total wave 
function is antisymmetric 

|V>> = \i>L) <8 \ip s f) <8> |^ c ) • (5-16) 

Here \iPl) denotes the space part, \ip s f) the spin-flavor part and \ip c ) the color part. Since the color 
part of the wave function is totally antisymmetric (color singlet), the remaining part (space plus 
spin-flavor) must be totally symmetric. This implies, for the case of three identical constituent 
parts (discussed here), that the symmetry of \"4>l) under S3 is the same as the symmetry of \ipsf)- 
The construction of spin-flavor wave functions with good S3 symmetry is well-known (see, for 
example, Refs. ||, [l6| |l7]]) and in Appendix C we list the conventions used. We denote the basis 
states for the spin-flavor part by 

SU sf (6) D SU f (3) ® SU S (2) D SUi{2) <8> U Y (l) <S> 50,(2) y 

i i i i i I ) • (5.17) 

[/i,/2,...,/ 5 ] W,m\ S I Y M S I 

Here S denotes the spin, / the isospin and Y the hypercharge. An unfortunate (but standard) 
notation is to label representations not by their Young tableaux but by their dimension. For 
example, for SUf(3), 

dinfl>i,/i 2 ] = -0«i+2)(//2 + l)(Mi-M2 + l) , (5.18) 

which gives 8 for [/ii,/U 2 ] = [2, 1] and 10 for [3,0]. In the following sections we adopt the standard 
notation in order to facilitate the comparison with other model calculations. Thus, for example, 

[3,Q,0,0,0] ) [2,l] ) 5=i,7=i Y=l\ = |[56], 2 8,N), (5.19) 

represents the spin-flavor part of the wave function of the ground state of the nucleon. The 
decomposition of representations of SU s f(6) into those of SUt(3) ® SU S (2) is the standard one 

[56] D 2 8 © 4 10 , 
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[70] D 2 8 
[20] D 2 8 



! 10 



1 



(5.20) 



The spin-flavor contribution to the mass-squared operator can be expressed in terms of the 
generators of the spin-flavor algebra. We consider here only its diagonal part which we write in 
the Giirsey-Radicati Jlq] form 



Mif = a 



C 2 (SU sf (6))-45 



-b" 



d(C7 y (i))-l 



+ b" 



C 3 (SD>(3))-9 

C 2 (Uy(l))-l 



+ b' 



C 2 (SU!(2))- 
C 2 (SU S (2)) - 



(5.21) 



We have defined the operators such that each of the terms vanishes for the ground state of the 
nucleon (see Eq. ( 5.19| )). The eigenvalues of the Casimir operators in the basis states of Eq. (5.17) 
are 





( 45 


for 56 


«-> A\ <-> S 


(C 2 (SU sf (6))) 


= I 33 


for 70 


<-> E <-> M 




I 21 


for 20 


«-> A 2 <-> A 






for 8 




(C 2 (SU f (3))) 


■{: 


for 10 








for 1 




(C 2 (5f/i(2))) 


= 1(1 + 


1), 





(Cl(Uy(l))) 

(C 2 (U Y (1))) 
(C 2 (SU S (2))) 



Y , 

y\ 

S(S 



1) 



(5.22) 



For nonstrange baryons Y = 1 and the b" and b'" terms are not needed. Also the b and b' terms 
can be grouped into a single term. Thus, for the analysis of nonstrange baryons we make use of a 
simplified form 



M 



sf 



C 2 (SU gf (6)) - 45 +b C 2 (SU f (3))-9 



C 2 (SU S (2)) 



3i 
4 



(5.23) 



with three parameters. The meaning of the three terms is obvious. The spin term represents 
spin-spin interactions, the flavor term denotes the flavor dependence of the interactions, and the 



SU s f(6) term, which according to Eq. (5.22) depends on the permutation symmetry of the wave 
functions, represents 'signature dependent' interactions. These signature dependent (or exchange) 
interactions were extensively investigated years ago within the framework of Regge theory |19| . 
We note in passing that in the usual nonrelativistic and relativized quark models the spin-flavor 
dependence arises from (i) the constituent quark masses producing a dependence similar to that of 
the b" term and (ii) from spin-spin forces <7j • ffj , that arise from the contact term of the hyperfine 
interaction, producing a dependence of the type cS(S+l). In this sense, Eq. ( 5.23| ) is more general 
than the corresponding spin-flavor dependence in the quark model. 

Finally, there could be terms in the mass-squared operator involving simultaneously both in- 
ternal and spatial degrees of freedom, i.e. of the type 



M 2 = f(G aal )g{Gi) , G aa , g Q r 

Among these, we mention: (i) spin-orbit-like interactions 

Mi Q = d(S-L), 

and (ii) tensor-like interactions 



Gi e G l 



M? 
tensor 



(5.24) 
(5.25) 
(5.26) 
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a rrg) A (2) 

where T y s ' and T£ are tensors of rank 2 built from the spin and space degrees of freedom. 
Both terms are present in the nonrelativistic and relativized quark models, in which the SU s t(6) 
spin-flavor symmetry is broken by the hyperfine interaction (Eq. ( |5.26| ) corresponds to the tensor 
component of the hyperfine interaction). Although in the present analysis we do not consider the 
contributions of the spin-orbit and the tensor interactions, we note that in the algebraic approach 
they can be taken into account without any difficulty. 

6 Comparison with experimental mass spectrum 

The mass formulas derived in Section 5 can be used to analyze the experimental mass spectrum of 
baryons. Here we discuss the mass spectrum of the nonstrange baryons belonging to the N and A 
families in terms of the mass formula 

Af 2 = Af 2 + ( Kl N) n u + (k 2 N) (n v + n w ) + a L 

(C 2 (SU sf (6))) - 45] + b [(C 2 (SU f (3))) - 9] + c [(d 2 (SU.(2))) - || . (6.1) 

In this form we have absorbed all constant terms into Afg. We do not include interaction terms 
that mix the space and internal degrees of freedom. The seven coefficients are obtained by a fit to 
the data 

Af 2 = 0.882 , k x N = 1.192 , n 2 N = 1.535 , 

a = 1.064, a = -0.042, 6 = 0.030, c = 0.124 . (6.2) 

All values are in GeV 2 . The results are given in Table |l[ We have assigned the Roper resonance 
N(1440)Pn, the A(1600)P 33 and the A(1900)S 3 i to the symmetric stretching vibration (n u ,n v + 
n w) — (1)0) and the resonance N(1710)Pn to the (n u ,n v + n w ) = (0, 1) vibration. The remaining 
part of the assignments is straightforward as rotational members of the ground band (n u , n v +n w ) — 
(0, 0). In Table || we list all well-established (3 and 4 star) nucleon and delta resonances. We find 
a good overall fit for these resonances with an r.m.s. deviation of <5rms = 39 MeV. Some of the 
results are also presented in Figure || in a standard Chew-Frautschi plot of baryon resonances pO . 

It is worthwhile at this stage to comment on the results of Table O. We find that the spin-orbit 
interaction is not required by the data. In the quark model, where this term is introduced by the 
one-gluon exchange interaction, other mechanisms have to be found to cancel this contribution 
(called the 'spin-orbit crisis'). We find instead that the 'signature dependent' terms are crucial 
in obtaining a good description of the data. In the quark model, this problem is solved either by 
using harmonic oscillator frequencies which are different for P-wave and D-wave baryons or 
by giving only a qualitative description which is somewhat lower for P-wave and somewhat higher 
for D-wave baryons §. This situation is illustrated in Figure ^. The absence of the spin-orbit 
interaction is evident in the data (states with the same L, S and \L — S\ < J < L + S have the 
same mass). For comparison, in Figure ^ we also show the results of ||. Finally the value we find 
for a, the slope of the Regge trajectory, is almost identical to that found in mesons [62] 



j2 , 

«baryon = L064 GeY " ■ ( 6 - 3 ) 



ameson = 1-081 GeV 

t2 



This is consistent with QCD ideas which indicate a universal slope for both baryons and mesons 
jl{|. The strength of the spin-spin interaction is also almost identical to that found in mesons: 
cmeson = 0.118 GeV 2 and c baryon = 0.124 GeV 2 . 

For completeness, we give in Tables III and |v| all calculated nucleon and delta resonances 



below 2 GeV. The lowest missing states in the nucleon sector are the antisymmetric [20, 1 + ] ones. 
As one can see from these tables, only a fraction of these resonances have been observed. This 
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problem of missing states is known to exist in quark potential models as well. The resonances in 
square brackets are not well established experimentally (1 and 2 star) and are tentatively assigned 
in the tables as candidates for some of the missing states. We shall return to the question of why 
some of the resonances have not been observed in a later publication, which includes a calculation 
of the strong decay widths. 

To summarize, we have applied a collective string-like model to the nonstrange baryon res- 
onances and found good overall agreement with the observed masses. The fit is of comparable 
quality to that obtained in quark potential models [Q, g], although the underlying dynamics is 
quite different. This shows that masses alone are not sufficient to distinguish between different 
forms of quark dynamics, e.g. single-particle vs. collective motion. 



7 Electromagnetic couplings 

Electromagnetic couplings are of crucial importance in unraveling the structure of hadrons, since 
they are far more sensitive to wave functions (and models) than masses. It has become customary to 
characterize the transverse couplings by the helicity amplitudes, A 1 / 2 and A 3 / 2 . These amplitudes 
are measurable in photo- and electroproduction. Their study is a major part of the experimental 
program at the new electron facilities |23] . 

Helicity amplitudes can be computed within the framework discussed here by (i) writing down 
the transition operator in terms of the constituent coordinates and momenta, (ii) rewriting them 
in terms of Jacobi coordinates and momenta, (iii) mapping the operators onto elements of the 
algebra and (iv) evaluating their matrix elements algebraically. A major problem in step (i) is 
what is precisely the form of the electromagnetic coupling. This form is usually obtained by a 
nonrelativistic reduction of the coupling of the point-like particles to the electromagnetic field. 
This gives a transition operator of the form |24|, |2^] 

H = Wnr + Wso + Wna + • • • , (7.1) 

containing the contributions of the nonrelativistic part, the spin-orbit part and the nonadditive 
part associated with Wigner rotations p4j and higher order corrections, 



3 r 

2m 



c ■ — » — * -* -* 

(Pj ■ A 3 + A 3 -Pj) + ' (V X Aj) 

3 



3 1 1 

Hso = - w ( 2 ~ t) S i ' ( E 3 x % x E i> ' 

j=l J » 

W na = £ (A _ it) . (e .4. x Pi _ ei E, x Pj ) . (7.2) 

j>i— 1 J 

where mj, ej, Sj and [Aj = gej/2rrij denote the mass, charge, spin and magnetic moment of 
the j-th constituent, respectively, Mt = J2i m i an d Aj = A(fj), Ej = E(fj). For purposes of 
illustrating the results in a transparent way, we consider in this article only the contribution from 
the nonrelativistic part of the electromagnetic coupling, 

H = Wnr • (7.3) 

The spin-orbit and non-additive contributions can be included without any problem and will be 
presented in a subsequent publication. 

The momentum dependent terms in Eq. ( |7.2j ) are unsuited for calculations of electromagnetic 
couplings of the photon to an extended object, in which the charge and magnetic moment are not 
concentrated at a single point but distributed along the string. Thus, often a transformation is 
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made to coordinate dependent terms by replacing p/m q by ik^r pq , p7fl , where feo = Ef — E{ is the 
photon energy. The two terms in 7inr have then the meaning of electric and magnetic contributions 
and reduce to the electric dipole and magnetic dipole transition operators in the long-wavelength 
limit. The transverse coupling is obtained by inserting the radiation field for the absorption of a 
righthanded photon with momentum k = kz and integrating over the center-of-mass coordinate to 
give 



re = 6 



ks 3 . + U T + 

9 



(7.4) 



Here (fco, k) is the photon four- momentum with k = Pf — Pi, and Pi (Pf) is the momentum of the 
initial (final) baryon resonance. In the derivation we have used that for three identical constituents 
the symmetry of the wave functions allows one to write TL = 37^3 . The operators T and U act 
only on the spatial part of the baryon wave function and are given by 



U = 



im„ko 



\™ e" 



(7.5) 



with m = —1, 0, 1. 

In addition to transverse couplings, one can also consider longitudinal and scalar couplings. 
The longitudinal coupling is obtained by inserting the radiation field for the absorption of a lon- 
gitudinally polarized virtual photon in Eq. (7.2), 



[2w 1 - 
0\ — fie 3 -T z 
V fc g 



(7.6) 



The scalar amplitudes are given by the matrix elements of the zero-component of the electro- 
magnetic current four-vector p8| 



(7.7) 



which after transforming to Jacobi coordinates and integrating over the baryon ccntcr-of-mass 
coordinate reduces to 




(7.8) 



In order to calculate helicity amplitudes in U(7) one has to express the transition ope rators in 
terms of algebraic operators. In the limit of large N the operators D and A of Eq. ( |3.5| ) become 
the coordinates and momenta (i.e. their matrix elements are precisely those of the coordinates and 
momenta in the coordinate representation). We thus make in general the replacement (mapping) 



Px, 



(7.9) 



and a similar replacement for p m , p p>m (not needed here). In Eq. (7.9), (3 and l/£ represent 
the scale of coordinates and momenta and Xp and Xa are normalization factors. Since we have 
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written the transition operators in terms of coordinates only, we need only to replace A m by D\, m . 
With this replacement the transition operators T m and U become 

f m = ^^(^e-^W^+e-^W^^ . (7 . 10 ) 

The normalization factor is given by the reduced matrix element of D\, 

X D = \{ll\\Dx\\Q$)\ , (7-11) 
which away from the harmonic oscillator limit (R 2 > 0) is given by 

X D N ^ NRV2/(1 + R 2 ) . (7.12) 

In the harmonic oscillator limit discussed in Section 5 the normalization constant is Xjj = y3N 
and the scale parameter j3 becomes the inverse of the oscillator size parameter (3 = 1/a (see 
Appendix D). 

The algebraic structure of the transverse, longitudinal and scalar couplings involves both the 
internal and the spatial degrees of freedom. In the long- wav elengt h limit the spatial part is linear 



in the generators of U(7), but the more general form of Eq. (|7.10| ) also contains an exponentiated 



generator. This poses a challenge to the calculation. Nonetheless, the calculation of the matrix 



elements of Eq. ( |7.10|) is feasible, since they are related to the group elements of U(7), i.e a gen- 
eralization of the familiar Wigner D-functions of SU(2). This means that these matrix elements 
can be calculated exactly without having to make any further approximation. This holds for the 
harmonic oscillator which is a special case of U (7) as well, and thus allows one to do a straightfor- 
ward calculation of helicity amplitudes in the quark model up to large number of quanta. Indeed, 
the fact that any observable can be calculated in a relatively straightforward way, is one of the 
main advantages of the algebraic method. 



8 Calculation of helicity amplitudes 

The calculation of the helicity amplitudes requires the evaluation of the matrix elements of the 
electromagnetic transition operator. We define the transverse helicity amplitudes A^, with helicity 
|U = 1 /2 and 3/2 in the usual fashion 

A 1/2 = (</>', L', S'; J', Mj = 1/2|W*|£ L,S;J= 1/2, Mj = -1/2) , 

A 3/2 = (</>', L', S'; J', M'j = 3/2|W*|£ L, S; J = 1/2, Mj = 1/2) . (8.1) 

The longitudinal and scalar helicity amplitudes, Ai and A s , are given by 

Ai = (({>', L',S'; J', M'j = l/2\H l \4>, L,S; J =1/2, Mj = 1/2) /V2 , 

A s = (4>',L',S'; J', M'j = l/2\H s \(p, L,S; J = 1/2, Mj = 1/2} /V2 . (8.2) 

Here cf> indicates all additional quantum numbers needed to classify the states uniquely. The 
electromagnetic transition operator Ti acts both on the spin-flavor part and the space part of the 
baryon wave functions. In the evaluation of the matrix elements we therefore separate these two 
parts by decoupling the wave functions 

\<P,L,S;J,Mj) = (L,M L ,S,M s \J,Mj) \</>,L,M L ;S,M s ) . (8.3) 

Ml, Ms 

The spin-flavor part of the matrix elements is common to all models having the same spin-flavor 
structure and can be evaluated once and for all. 
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In general the helicity amplitudes can be expressed explicitly in terms of radial integrals. For 
the transverse couplings we have 



A M = = otpA + ppB , (8.4) 

where fi denotes the helicity (/i = 1/2, 3/2). Here A and B represent the orbit- and spin-flip spatial 
amplitudes (radial integrals), respectively, 

A = »-(f\f + \i) , 

V k o 9 

B = 6J^pk(f\U\i) . (8.5) 

The nonrelativistic contribution to the longitudinal helicity amplitudes can be expressed in terms 
of a single spatial amplitude 



A l = (f\H l \i)/V2 = 1 C , (8.6) 

with 

C = 6, &- if\t\i) ■ (8.7) 
V fc o 9 

For the scalar helicity amplitudes we find 

A s = {f\H s \i)/V2 = SV , (8.8) 

with 

v = ^{v, {ntJV) ■ (8 - 9) 

The coefficients a^, f3^, 7 and <5 contain the contribution of the spin-flavor matrix element 
and of Clebsch-Gordan coefficients. By explicitly evaluating the matrix elements of the spin- 
flavor part with the conventions given in Appendix C, we obtain the coefficients for nucleon and 



delta resonances as shown in Tables [v| and |VI[ Some of these results have already been reported 
previously (see e.g. ^J, [|(]]) and express the fact that all models of hadronic structure, that 
share the same spin-flavor structure, have the same form of the helicity amplitudes. The model 
dependence is contained in the actual expression for the spatial amplitudes, A, B, C and T>. We 
therefore now turn to the calculation of these amplitudes in U(7) . 

As one can see from the preceding discussion, all helicity amplitudes or form factors (transverse, 
longitudinal and scalar) can be expressed in terms of two types of elementary spatial matrix 
elements, 

F(k) = (f\U\i) , 
G m (k) = (f\f m \i) . (8.10) 

These matrix elements contain all the hadron structure information. They are very sensitive to 
the hadron wave function. In photo- and electroproduction of baryon resonances only form factors 
in which the initial state is the nucleon (proton or neutron) can be measured. In Appendix D we 
show explicitly how F(k) and G m (k) can be evaluated in U(7) . 
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9 Form factors in photo- and electroproduction 



The important form factors in photo- and electroproduction are those connecting the ground state 
(the nucleon, proton or neutron) to its excited states. These form factors can be evaluated in 
explicit form in three different cases. 

(i) Harmonic oscillator quark model. 
In Table VII we present the elementary form factors, F(k) and Gm(k), in the harmonic oscillator 
quark model. These form factors had been obtained previously [pi] , pif in closed analytic form 
and are reported here for comparison with those of the collective model to be discussed next. The 
elastic form factor is given by 



F(k) 



-fc 2 /3 2 /6 



(9.1) 



The scale parameter j3 is related to the harmonic oscillator size parameter a by (3 — I /a. 

(ii) Collective model: end string. 
We consider first the case in which the charge and magnetic moment is concentrated at the end 
points of the string of Figure [|. For this case, the elastic form factor is given in terms of a spherical 
Bessel function (see Appendix D) 



F(k) 



jo(k/3) 



(9.2) 



(hi) Collective model: distributed string. 
We consider now the case in which the charge and magnetic moment are distributed along the 
strings of Figure |l| with a probability distribution 



9(0) 



I? 



(9.3) 



In this case the form factors are obtained by integrating the form factors of case (ii). For the elastic 
form factor one has 



F(k) = r 

Jo 



1 



k 2 a 2 ) 2 



(9.4) 



(1 

In Tables |VIl] and [fx we present analytic results for several transition form factors of the collective 
model for the end string and the distributed string, respectively (see Appendix D). 
Comparing the elastic form factors for the three cases 



F(k) = 



-fc 2 /3 2 /6 



harmonic oscillator (R 2 = 0, N — > oo) 



end string 



{R 2 > 0, N -> oo) 



(9.5) 



1/(1 -I- k 2 a 2 ) 2 distributed string (R 2 > 0, N -> oo) 



one can see that those of the string model drop as a power of k, while those of the harmonic 
oscillator drop exponentially with k. It is a major property of hadrons that form factors fall off as 
powers of k. This power behavior is naturally obtained in a collective string model, although the 
end string oscillates, jo(k/3) = sm(k/3)/k{3. In order to obtain a similar behavior in quark models, 
a quark form factor is introduced and/or the wave function is boosted (3^, [3^| . 

We also note that all form factors are given in terms of one parameter describing the size of 
the hadron. This parameter can be determined from a measurement of the r.m.s. radius of the 
hadron. For k — > one has 



F(k) 



l-k 2 (3 2 /6 + 
{ l-k 2 /3 2 /6 + 
1 - 2fc 2 a 2 + . . 



(9.6) 



which gives the relation between the parameters, (3 and a, and the r.m.s. radius. 
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10 Comparison with experimental helicity amplitudes 



The final step in comparing with experimental data is the choice of reference frame, which de- 
termines the relation between fc 2 and Q 2 = k 2 — fc 2 . We perform our calculations in the equal 
momentum or Breit frame (in which recoil contributions vanish), 

k 2 - Q 2 1 {W2 ~ M2)2 (101) 
k ~ Q 2(M 2 + W 2 ) + Q 2 ■ (WA} 

M is the nucleon mass, W is the mass of the resonance and — Q 2 = k 2 — k 2 can be interpreted as 
the mass squared of the virtual photon. 

In photoproduction one has Q 2 = and hence the photon momentum k = fco- With this 
value of the momentum transfer k and the formalism of the preceding sections, we calculate the 
transverse helicity amplitudes for photoproduction. The results are presented in Tables [x| and XI 



Calculation (1) is the harmonic oscillator result, whereas calculations (2) and (3) are the results 
of the distributed string with R 2 = 0.5 and R 2 = 1.0, respectively. (We do not quote the results 
of the end string.) There are no free parameters in the calculation with the exception of a size 
parameter, (3 for (1) and a for (2) and (3). This size parameter is fixed by the value of the proton 
r.m.s. radius, (r 2 ) 1 / 2 = 0.862 ± 0.012 fm [fl. The last column in Tables |x| and [x| shows the 



experimental helicity amplitudes, quoted in |2lf| with a sign. This sign can neither be extracted 
from the data independently from the sign of the subsequent decay amplitude of the resonance 
(N* — > N + 7r) nor can be determined by calculations. It is thus a conventional sign (except for 
the relative sign of amplitudes leading to the same final state). In Tables |x| and XI we have used 



the signs of the harmonic oscillator limit (with the conventions of |43j] for the harmonic oscillator 
wave functions), since the purpose of the present paper is to investigate different scenarios of 
hadronic structure in as much as possible model independent way. We note, however, that the sign 
conventions used by previous authors are often in disagreement with one another. In particular, 
the sign conventions of |35) are in disagreement with those of jlTj and [Q. For example, in |24| the 
nonrelativistic contribution to the amplitude A^ 2 leading to the state N(1720)Pi3 is calculated to 
be —113, while i n p5| it is calculated to be +112. The comparison between theory and experiment 
in Tables |x| and XI should therefore be restricted to absolute values of the amplitudes (and their 



relative phases when leading to the same final states). With this in mind, the agreement with 
experimental data is fair and it is approximately the same for all calculations. The reason is that 
the photocouplings depend almost completely on the spin- flavor part. The dependence on the 
spatial part is minor, since the helicity amplitudes are evaluated at a relatively small momentum 
k = fco, for which all calculations given similar results. To emphasize this point, consider the 
helicity amplitudes for the excitation of the A(1232)i-33 resonance. These can be written as 

2 [2tt 

A/2 = --\ —nkF{k) , 

3 V K 




A/2 = --J-^kF(k) , (10.2) 



where F(k) is given by Eq. (9.5). One first observes that the ratio A 3 / 2 /Ai/ 2 = \/3 is independent 
of k. This result is due to spin- flavor symmetry and is in good agreement with the experimental 
value 1.83 ± 0.15. Moreover, for small fc the form factors are essentially identical, as one can see 



directly from Eq. (9.6) 



We stress the fact that in the calculations we have insisted on describing correctly the proton 
r.m.s. radius. If this condition is relaxed, and (3 (or a) is used as a parameter, a better description 
of the photocouplings can be obtained. The description can be improved further by changing the 
values of the ^-factor (and accordingly the quark effective mass), as done in p5| . 

There are several places where there is a large disagreement between experiment and calculation. 
We mention here in particular the pair of states N(1535)S , n and N(1650)S , n. The disagreement 
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in this case can be corrected by mixing the two states |3(| |33|| 

|N(1535)5n) - +| 2 8i/ 2 > cos(-38°) + | 4 8 1/2 ) sin(-38°) , 
|N(1650)S U ) = -| 2 8 1/2 ) sin(-38°) + | 4 8 1/2 ) cos(-38°) . (10.3) 



This mixing breaks ST/ s /(6) and can only be introduced by a tensor-like interaction, Eq. (5.26). 
It appears to be the only place in the spectrum and transitions where there is a clear evidence of 
such a breaking. 

By comparing the photocouplings of the N(1440)Pn and the N(1710)Pn resonances for the 
harmonic oscillator and the collective string we see that in this case there is a clear difference 
between the two models. This is due to the different nature of these states: in the harmonic 
oscillator these states belong to the two-phonon multiplet whereas in the collective string they 
correspond to the fundamental (one-phonon) vibrations of the string. 

Another observation is that the N(1520)Z?i3 and N(1680)i<i5 resonances are predominantly 
excited with helicity fi — 3/2 for proton targets. The A^, 2 amplitude is small because of a 



cancellation of the magnetic and electric contributions. Tables |VI|-|X| show that this feature 
is present in both the collective string and the harmonic oscillator model. It appears to be a 
consequence of the spin-flavor symmetry and does not depend on details of the hadron structure. 

Next we turn to a discussion of the transition form factors as are measured in electroproduction. 
It is here that major differences between the various models of hadron structure occur, since the 
form factors discussed in Section 9 differ widely for large k 2 (or Q 2 ). In Figure fj] we show a 
comparison between the experimental data for the proton elastic form factor and the form factors 
of Eq. ( |9.5| ) . One can see clearly that only the form factor for the distributed string (dipole form 
factor) describes the data well. Similarly, we show in Figure || the transition form factor exciting the 
A(1232)P33 resonance. Again it appears that the distributed string provides the best description. 
Figure || also indicates there is an additional contribution to of magnitude ~ 0.2 x 3-Fd, which 
falls off with Q 2 faster than the leading order (Q~ 4 ). 

Figures show the helicity amplitudes for the N(1520)£> X 3, N(1535)5 U , N(1650)Su and 
N(1680)-Fi5 resonances. Although the experimental information is not very accurate, again it 
appears that the distributed string form factors decribe the observed data better. 

Since on one side the accurate measurement of transition form factors is part of the exper- 
imental programs at ELSA, MAMI and CEBAF and on the other side it is possible, with the 
methods discussed in this article, to compute any transition form factor, we believe that when the 
measurements will be completed, we will be able to make more definitive statements concerning 
the structure of the nucleon and its resonances and the validity of the various models of hadronic 
structure. 

Finally, we note that, while the individual helicity amplitudes test models of hadronic structure, 
the helicity asymmetries 

A 2 - A 2 

Al ' 2 A " 2 (10 4) 

A 2 + A 2 \ LK) -^> 

A X/2 + .3/2 

test more the form of the transition operator and the spin-flavor part of the wave functions. This 
is shown in Figures [l^ and |l4| where it is seen that both the harmonic oscillator quark model and 
the distributed string model give essentially the same results for the helicity asymmetries of the 
N(1520)£>i 3 and the N(1680)Fi 5 resonances. 

11 Conclusions 

We have presented here a framework within which different scenarios for baryon structure in the 
nonperturbative regime can be studied. This framework makes use of a spectrum generating 
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algebra 



Q = U{7)®SU sf {&)®SU c {3). (11.1) 

In particular, we have analyzed two different cases: (i) a 'single-particle' harmonic oscillator model 
and (ii) a 'collective' string model. We find that most results are independent of which model 
is used for the spatial part and are a consequence of the spin-flavor structure of the problem, 
SU s f(Q) D SUf(3) ® SU S (2), and of the triality property of baryons, namely of the fact that there 
are three constituent parts which transform as the triplet representation of SU C (3). Differences 
between models occur only in the transition form factors which provide therefore an important clue 
to understand baryon structure. Present data suggest that the collective model with charge, mass 
and magnetic moment distributed along the string is the most likely description. New and more 
accurate data which can be obtained at new facilities like ELSA, MAMI and CEBAF may help 
elucidating the situation. The fact that the formalism has been set up in a as much as possible 
model independent way also gives the possibility to search for 'new' physics, which in this context 
means unconventional configurations of quarks and gluons. 

The analysis presented in this article has been carried out assuming S3 (or D 3 ) symmetry (i.e. 
three identical constituents with identical interactions) . The next step in this study is the breaking 
of this symmetry. This is due to two effects: (i) the mass of the three constituents may not be the 
same; this breaking will allow us to treat strange baryons as well, and (ii) the interaction between 
the three objects may be such that the geometric arrangement is not that of an equilateral triangle 
with D3 symmetry; this breaking will allow us to discuss the electric form factor of the neutron, 
which is identically zero if the neutron has S3 symmetry. Both these types of symmetry breaking 
can be studied in the framework of the present formalism and will be discussed in more detail in 
the next publication in this series. 
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A Basic matrix elements 



The matrix elements of the mass-squared operator of Eq. (5.2) (and of all other U(7) operators of 
interest) can be calculated in either one of the two sets of basis states discussed in Section 4. With 
standard Racah algebra |39) they can be expressed in terms of the reduced matrix elements of the 
boson creation and annihilation operators themselves, 
(i) In the harmonic oscillator J7(4) D U (3) basis we have 

{N,ri,L'\\tf\\N-l,n,L) = (N -l,n,L\\b\\N,n',L') 



V(n + L + 3)(L + 1) for V = L + 1 



y/(n-L + 2)L for L' = L - 1 , 

{N,ri,L'\\s*\\N-l,n,L) = (N - l,n,L\\s\\N,n',L') 

= Sn\n6 L ',L VN-n . (A.l) 

(ii) In the C/(4) D 50(4) basis we have @ 

(JV,w / ,i , ||4||JV-l,a;,L) = (N - 1, u, L\\ci\\N, w', L') 
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( u'/2 u'/2 V 

x/{2L' + 1)(2Z + l)(2L + 1) < uj/2 J/2 L 

{ 1/2 1/2 / 

x<2V,a;'|||ct|||JV-l,w) , 



where the 50(4) reduced (triple bar) matrix elements are 



(A.2) 



(iV,w'|||c + |||iV- 1,uj) = 



y/uj(w + l)(N -u + l)/2 



for u) 1 = w — 1 



vV + l)(w + 2) (AT + w + 3)/2 for w' = lu + 1 



(A.3) 



Here cl denotes for I = the scalar boson and for I = 1 the vector boson. 



B Large N limit and coherent states 

In the study of the properties of the string-like configuration of Figure [l], it is often convenient to 
introduce a coherent (or intrinsic) state basis. The use of this basis helps elucidating the physical 
content of algebraic models by stressing their geometry, and allows one to obtain closed analytic 
expressions for observables in the limit of large N . In view of confinement we expect N to be large, 
since N determines the number of bound states in the model. 

Coherent states of U(k) are described in JTo| . Here we need the coherent states of U{7) (the 
coset space U(7) /U(6) ® U (1)). They are characterized by six complex variables. Removing overall 
rotations and considering static problems, one is left with only three real variables, (r p ,r\,Q): 
two radial coordinates and the angle inbetween. These variables characterize the shape of an 
object composed of three constituent parts and their geometric meaning is illustrated in Figure 
The general properties of U(7) can be studied by using mean-field techniques. For a system 
of boson degrees of freedom, the variational wave function is a coherent state which take the 
form of a condensate of N bosons, which depends parametrically on the shape variables. The 
expectation value of an algebraic mass operator in this condensate defines a classical potential 
function V(r p ,r\,8). The equilibrium shape parameters are defined by the global minimum of 
the potential function and are found by a variational calculation. Substituting these equilibrium 
values in the variational wave function provides an intri nsic state representing the equilibrium 
shape. For the S3-invariant mass-squared operator of Eq. ( |5.2] ) the equilibrium shape parameters 
satisfy r p = r\ > and 9 = ir/2 M. These are precisely the conditions satisfied by the Jacobi 
coordinates of Eq. ( |2.2|) for an equilateral triangular shape with a threefold symmetry axis (in our 
convention along the y-axis). In this case, the coherent state basis depends only on one variable, 

+ r? . It is obtained by introducing the following boson operators 



R 



bt = 

bi = 

bi = 

bl = 

b\ = 

bt = 



i 



l 



1 



^(-bl, x + b{ z 



b\, x 
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kt 



y/2V P ' V A ' y 

The ground state of a system with S3 symmetry is represented by a condensate of the form 

N 



|7V;i?) c 



1 / \ Jv 



(B.l) 



(B.2) 



This state contains several angular momentum states, since for R > the boson operator b\ 
is a mixture of scalar and vector bosons. States with good quantum numbers are obtained by 
projection. For R = the boson condensate of Eq. (B.2) becomes the ground state of the harmonic 
oscillator 



\N;R= 0) 



(B.3) 



which contains only a single state with L 77 = + . 

E xcit ed states are obtained by replacing condensate bosons by other members of the basis 
Eq. (B.l). Vibrational excitations are represented by the &£, &t f frt^ boson operators ||, and are 
written as 



£(*r(«n»ir(«i) 



N — n u —n v —n u 



|o> 



(B.4) 



where A/" is a normalization constant. The three rotational bosons b\, b\, b\ represent instead 
spurious excitations of the condensate, corresponding to overall rotations (Goldstone modes). 



C Spin-flavor wave functions 

In this appendix we list the conventions used for the spin and flavor wave functions. 

(i) Spin wave functions JT7| : 

5 = 1/2 | x ? /2 ) = (I UT) - UTT))/V2 , 

\x{, 2 ) = (2| Hi) - I TIT) - I m»/V6 , (C.i) 
s = 3/2 | x f /2 ) = I TTT) • 

We only show the state with the largest component of the projection Mg = S. The other states 
are obtained by applying the lowering operator in spin space. 

(ii) Flavor wave functions p7| : 

octet \(f>P) = (\udu) - \duu))/y/2 , 

\<f>*) = (2\uud) -\udu) -\duu))/VQ , (C.2) 



decuplet \<p s 



A++/ 



We only show the highest charge state. The other charge states are obtained by applying the 
lowering operator in isospin space. 
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D Radial integrals 



All hclicity amplitudes in U(7) are expressed in terms of two types of elementary spatial matrix 
elements (or radial integrals) 



F(e) 
G m (e) 



-ieD x 



(W\i) = (/|e 
(f\T m \i) = -viflDx^e-^* 



-itD x 



(D.l) 



Here e = kj3/Xo and rj = m q kol3/ Xd (see Eq. (7.10)). These matrix elements can be calculated 
exactly in U(7) by using the symmetry properties of the transition operator. We first discuss how 
they are calculated in general. Next we discuss two special cases for which they are derived in 
closed analytic form. 



D.l General case 

The most convenient basis to derive a general expression for the spatial matrix elements is the 
second one discussed in Section 4, 



\N, (n p ,L p ),{uj,L x );L,M L ) 



(D.2) 



Since the operator D x z appearing in the exponent is a generator of SO x (4) 1 its matrix elements 
are diagonal in to. Moreover, since D Xrn does not depend on the p-coordinate, its matrix elements 
are also diagonal in the harmonic oscillator labels (n p ,L p ). The matrix elements of U can be 
evaluated by decoupling the p-part 



F(e) = (N^n'L'XiJ^'^L'M^ 



>\N, (n p ,L p ),(u,Lx);L,M L 



= 6 n>p 6 L , p , Lp (L P ,M P ,L' X ,M' X \L',M L )(L P ,M P ,L X ,M X \L,M L ) 

M P ,M X ,M' 



x{N-n p ,w',L' x ,M' x \t 



'\N -n p ,u,L x ,M x ) 



(D.3) 



and by recognizing that the matrix elements appearing in the r.h.s. can be interpreted as represen- 
tation matrix elements of 50(4). (The projection of the angular momentum M p , M\ should not 
be confused with M p , M x representation of S3.) They can be derived by using the isomorphism 
between SO(4) and SU{2) ® SU{2) El) 



(N, J,L', M' L \e~ ie ® X z \N,lj,L,M l ) = 



2'" 2 

l + (-l) L+L ' 1 

1 J cos[(2/i - M L )e] - 1 - 



L',M L 



\L+L' 



■ sin[(2p - M L )e] 



(DA) 



The matrix elements of T m are obtained in a similar way. Again we decouple the p-part of the 
wave function and then we insert a complete set of intermediate states to obtain 

G m (e) = (N, (n' p , L' p ), (w', L' X );L', M' L \T m \N , (n p , L p ), (to, L X );L, M L ) 

= \v5 K ,n p 5L- p ,L p (L P ,M p ,L' x ,M' x \L',M' L )(L p ,M p ,L x ,M x \L,M L ) 
M p MxM' x 

x E [< N - n P> L A' M 'x\Dx, m \N ~ n p , w, L x , M x ) 
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x (N - n p , u, L'l, M\\e~ ieDx z \N - n p , u, L Xl M x ) 
+(N- n p , u', L' x , M' x \e- Ub ^ \N - n p , to', L x , M' x ) 

x (N -n p ,Lj',L'l,M' x \D x , m \N - n p ,co, L x , M x )] . (D.5) 



The matrix elements of U are given in Eq. (D.4), whereas those of D x , m can be expressed in terms 
of their reduced matrix elements by using the Wigner-Eckart theorem 

(N,J,L',M'\D m \N,w,L,M) = (L ' M^^Ml (N,u',L'\\D\\N, U ,L) , (D.6) 

where 

(N,u',L'\\D\\N,uj,L) = (N^^WDWN,^,^) 



= <y w /, u y/(u - L){lu + L + 2)(L + 1) for L' = L + 1 . (D.7) 

The matrix element of T z can also be obtained in a more direct way by noting that 

Go(e) = -V^- (D.8) 

D.2 Harmonic oscillator 

There exist special cases in which the matrix elements of the electromagnetic transition operator 
can be derived in closed analytic form. In this subsection we show how the well-known results of 
the harmonic oscillator quark model are obtained in U(7) . In this case, the most appropriate basis 
is the first one discussed in Section 4, namely 

\N,(n p ,L p ),(n x ,L x y,L,M L ) . (D.9) 

In the harmonic oscillator limit, the spatial part of the ground state wave function is 

|[56,0+] ,0) = |iV, (0,0), (0,0), 0,0) . (D.10) 

The subscript indicates the harmonic oscillator shell quantum number n p + n x . The spatial wave 
functions for some of the lowest excited states are 

|[70,l^]i,M L ) = |7V,(0,0),(1,1),1,M L ) , 

|[56,0+] 2 ,0) = -i=(|7V,(2,0),(0,0),0,0) + |7V,(0,0),(2,0),0,0)) , 

|[70,0+] 2 ,0) = -i=(|7V,(2,0),(0,0),0,0)-|7V,(0,0),(2,0),0,0)) , 

|[56,2+] 2 ,M L ) = 4=(l^»(2, 2), (0,0), 2, M L ) + |iV,(0,0), (2, 2), 2, M L )) , 

|[70,2+] 2 ,M L ) = i=(|7V,(2,2),(0,0),2,M L )-|iV,(0,0),(2,2),2,Af i )) . (D.ll) 

Just as in the general case, the matrix elements of U and T m for the excitation of a baryon resonance 
from the ground state (nucleon) can be expressed in terms of U (4) matrix elements by decoupling 
the p-part 

(N,(n p ,L p ),(n x ,L x );L,M L \ (f) \N, (0,0), (0,0), 0,0) = 



S np , S Lp!0 {N,n x ,L x ,M L \ ( J \ \N, 0,0,0) . (D.12) 
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The r.h.s. represents matrix elements in the harmonic oscillator E/(4) D f (3) basis which are given 

by pi 



(N,n, L,M L \U\N,0A0) = ^,(-^ 1^^ 



(N,n,L,M L \T z \N,0,0,0) = ir,5 M , (-)( n - L V 2 



x(cose) w "(— i sine)™ , 

NU2L+1) 



(N - n)\(n + L + l)!!(n - L)\\ 
xOose^-^H sine)"- 1 (n-^sin 2 e) , 



x(-j sine)™" 1 ~ [(cose) w -" +1 + (cose)*""] . (D.13) 

We have used the sign conventions of jl3| for the harmonic oscillator wave functions. 
The elastic form factor is then given by 

F(e) = ([56,0+]o,0|C/|[56,0 + ]o,0) = (cose)^ e^ 2 / 6 . (D.14) 

In the last step we have taken the large N limit, which is such that n <§; N (where n denotes 
the oscillator shell), and ev / 3iV(= k(3) remains finite. For the harmonic oscillator we have e = 
k(3/Xo = k[3/V3N. For the inelastic transition to the first excited negative parity state we find 



G + (e) = ([70,l^] 1 ,l|T+|[56,0 + ]o,0) = [(cose) N + (cose)^ " 

-i^m q k f3e- k2 P 2 l & . (D.15) 

We have used jj — m q ko[3/ Xjj = m q kof3/V3N . From a comparison with the expressions derived 
in coordinate space we find that the scale parameter (3 is inversely proportional to the harmonic 
oscillator size parameter a — 1/(3. 

In conclusion, we find that for N — > oo the form factors in the harmonic oscillator limit of 
U(7) are identical to those in the harmonic oscillator quark model. The results are summarized in 
Table IvTl 



D.3 Collective model 

Also for the collective model discussed in Section 6 we can derive closed analytic expressions for 
some of the form factors. All rotational states belonging to the ground state ban d which has 
(n u , n v + n w ) = (0, 0) can be obtained from the ground state condensate of Eq. ( |B.2j ) 



\N-R) C = 




(D.16) 



by projecting onto states of good angular momentum L and good permutation symmetry. Since 
the L 77 = + ground state is the only state with L = 0, one only has to project onto good angular 
momentum 

| [56, 0+] (o.o), 0) = J dn\N;R,n) c Y Q0 (n) . (D.17) 

The subscript here denotes the vibrational quantum numbers (n M , n v + n w ) and Ylm l (£1) are the 
usual spherical harmonics. 
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The elastic form factor is then given by 

F(e) = ([56,0 + ] ( o,o), 0|(7|[56,0 + ] (0 ,o),0) 

= J dfldfl' Y* Q (Q') c (iV;i?,r!'|e- ie ^-|7V;i?,0) c roo(^) • (D.18) 

Here the angle Jl denotes the orientation of the condensate. For N — + oo the matrix element in 
the integrand is diagonal in SI [Q and we find 

F(e) i- f d{l c (N;R,n\e- uf) ^\N;R,n) c 

d(cos6)e- u [^V2/(i+fl 2 )]co se 
= Jo(fc/?) ■ (D.19) 

We have used that e = kf3/ Xjj with Xd = NR\f2/ (1 + i? 2 ) for TV — * oo. In a similar way we find 
for the transition to the first excited negative parity state 

G+(e) = ([70, l^] (0 ,o),l|T + |[56, + ] (0 , ), 0) 

dOdfi' i^(n') c (iV; i?, n'\f + \N; R, fi) Y 00 (Q) 

nrVz i 



-iWt i + ff J d(cos0)(l-cos 2 S)e 



i e[NRV2/(l+R 2 )] cos 9 

m q k Q (3[j Q (kl3)+j 2 (kp)] . (D.20) 

For large N the intrinsic state for the first excited vibrational band with (n„, n v +n w ) = (1, 0), the 
bandhead of which we have associated with the N(1440)Pn Roper and the A(1600)P33 resonances, 
is given by 

W;RU - ^^—^l) 10). (D.21) 

With the same methods as above we find that the spatial part of the transition form factor for the 
Roper resonance is given by 

F(e) = ([56,0+] (1 ,o),0|<7|[56,0 + ] (0 ,o),0) 

dfidfi' Yoo(tt') u(N; R, n'\e- ie3 ^ \N; R, Q) c F 00 (O) 



^VTTTi? 2 " 2 J d ( cos0 ) 008 6e ~ 



■ie[NRV2/(l + R 2 )] 



cos t 



' R2 :k(3 n {k(3) . (D.22) 



2RVN 



The results are summarized in Table VII] . For the more realistic case in which the charge 
and magnetic moment are not located at the ends of the string but rather distributed along the 
string, the matrix elements are obtained by folding the results of Table VIII with the probability 
distribution of Eq. (9.3). The corresponding results are presented in Table [X. For states with 
angular momentum L 11 = 2 + one has to project, in addition to good angular momentum L, also 
to good permutation symmetry. We have not carried out the projection to good permutation 
symmetry explicitly. It only gives an overall multiplicative factor and does not change the k 
dependence of the matrix elements. 
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Table I: Transformation properties under S3 of boson creation operators, generators of the algebra of U(7) 
and boson-pair creation operators. Here I = 0, 1, 2 and I' — 0, 2. 



Operator 


S 3 




h s ,Gf 
x&t+ftt x &t)('') 






Up,J±p, (J Mp 

x6| + 6ix6t)( ( ') 


M p 


H 


x&t_ & t x &t)(0 




H 




A 
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Table II: Mass spectrum of nonstrange baryon resonances of the nucleon and delta family in the collective 
string model. Here (m, 712) = (n u , n v + n w ) denote the vibrational quantum numbers, K is the projection 
of the angular momentum L, n is the parity, t is the transformation property under the point group D3, 
and S denotes the spin. The masses are given in MeV. The experimental values are taken from |2l| . 



Baryon 


Status 


Mass 


J n 


(ni, 112) 


17 ,K 


5' 


t 


calc 


N(939)Pu 


**** 


939 


1 + 

2 


(0,0) 


0+ 





1 

2 


-4i 


939 


N(1440)Pu 




1430-1470 


1 + 

2 


(1,0) 


0+ 





1 

2 


-4i 


1440 


N(1520)P>i3 


**** 


1515-1530 


3- 

9 


(0,0) 


1" 


1 


1 

2 


E 


1566 


N(1535)5n 


**** 


1520-1555 


1 ~ 
2 


(0,0) 


1- 


1 


1 

2 


E 


1566 


N(1650)5n 


**** 


1640-1680 


1 - 
2 


(0,0) 


1" 


1 


3 
2 


E 


1680 


N(1675)L>i5 


**** 


1670-1685 


5 ~~ 
2 


(0,0) 


1- 


1 


3 
2 


E 


1680 


N(1680)Pi 5 


**** 


1675-1690 


1+ 

2 


(0,0) 


2+ 





1 

2 


A x 


1735 


N(1700)P>i3 




1650-1750 


9 


(0,0) 


1- 


1 


3 


E 


1680 


N(1710)P n 




1680-1740 


1+ 

9 


(0,1) 


0+ 





1 
■> 


E 


1710 


N(1720)P 13 




1650-1750 


3+ 
2 


(0,0) 


2+ 





1 

2 


Ax 


1735 


N(2190)Gi 7 


**** 


2100-2200 


7- 
2 


(0,0) 


3- 


1 


_L 

2 


E 


2140 


N(2220)Pi 9 


**** 


2180-2310 


9+ 
2 


(0,0) 


4+ 





1 

2 


Ai 


2267 


N(2250)Gi 9 


**** 


2170-2310 


9- 
2 


(0,0) 


3~ 


1 


3 
2 


E 


2225 


N(2600)/i,u 




2550-2750 


11 - 

2 


(0,0) 


5- 


1 


1 

2 


E 


2590 


A(1232)P 33 


**** 


1230-1234 


3 + 
I + 


(0,0) 


0+ 





3 
2 


A x 


1232 


A(1600)P 33 


### 


1550-1700 


2 


(1,0) 


0+ 





3 
2 


A, 


1646 


A(1620)S 3 i 


**** 


1615-1675 


1 - 
2 


(0,0) 


1- 


1 


1 

2 


E 


1649 


A(1700)P>33 


**** 


1670-1770 


3- 
2 


(0,0) 


1" 


1 


1 

2 


E 


1649 


A(1900)5 3 i 


#*# 


1850-1950 


1 - 
1+ 


(1,0) 


1- 


1 


1 

2 


E 


1977 


A(1905)P 35 


**** 


1870-1920 


1+ 


(0,0) 


2+ 





3 
2 


Ax 


1909 


A(1910)P 31 




1870-1920 


1+ 


(0,0) 


2+ 





3 
2 


Ax 


1909 


A(1920)P 33 




1900-1970 


2 


(0,0) 


2+ 





3 
2 


Ax 


1909 


A(1930)P> 35 




1920-1970 




(0,0) 


2- 


1 


1 

2 


E 


1945 


A(1950)P 37 


**** 


1940-1960 


h 


(0,0) 


2+ 





3 
2 


Ax 


1909 


A(2420)P 3 , n 


**** 


2300-2500 


11 + 
2 


(0,0) 


4+ 





3 
2 


Ax 


2403 
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Table III: All calculated nucleon resonances (in MeV) below 2 GeV in the collective string model. Tentative 
assignments of 1 and 2 star resonances are shown in brackets. 



State 



1/2 [70 

3/2 [70 

1/2 [56 
8 3/2 [56 
1/2 [70 
3/2 [70 
1/2 [70 





(ni,n 2 ) 


K 


M calc 


Baryon 


0+] 


(0,0) 





939 


N(939)Pn 


1-] 


(0,0) 


1 


1566 


N(1535)5n 


1-] 


(0,0) 


1 


1566 


N(1520)£»i3 


1-] 


(0,0) 


1 


1680 


N(1650)5n 


1 J 


[yj^yj ) 


1 




at /1 ^nr^ n 
IN (1 / UU )LJis 


1-] 


(0,0) 


1 


1680 


N(1675)L>i5 


1 + ] 


(0,0) 





1720 




1 + ] 


(0,0) 





1720 




2 J 


(0,0) 





1735 


N(1720)Pi3 


2+] 


(0,0) 





1735 


N(1680)Fi 5 


2 } 


(0,0) 


1 


1875 




2 } 


(0,0) 


1 


1875 




2+] 


(0,0) 


2 


1875 


[N(1900)P 13 ] 


2+] 


(0,0) 


2 


1875 


[N(2000)F 15 ] 


2 } 


(0,0) 


1 


1972 




2 } 


(0,0) 


1 


1972 




2 } 


(0,0) 


1 


1972 




2 } 


(0,0) 


1 


1972 




2+] 


(0,0) 


2 


1972 




2+] 


(0,0) 


2 


1972 




2+] 


(0,0) 


2 


1972 




2+] 


(0,0) 


2 


1972 


[N(1990)Fi 7 ] 


0+] 


(1,0) 





1440 


N(1440)Pn 


1-] 


(1,0) 


1 


1909 




1-] 


(1,0) 


1 


1909 




0+] 


(0,1) 





1710 


N(1710)Pn 


0+] 


(0,1) 





1815 




1-] 


(0,1) 


1 


1866 




1-] 


(0,1) 


1 


1866 




1 + ] 


(0,1) 





1997 




1 + ] 


(0,1) 





1997 




1"] 


(0,1) 


1 


1997 




1-] 


(0,1) 


1 


1997 





30 



Tabic IV: All calculated delta resonances (in MeV) below 2 GeV in the collective string model. Tentative 
assignments of 1 and 2 star resonances are shown in brackets. 



State 


(ni,n 2 ) 


K 


M calc 


Baryon 


4 10 3/2 [56,0+] 


(0,0) 





1232 


A(1232)P 33 


2 10 1/2 [70,1-] 


(0,0) 


1 


1649 


A(1620)S 3 i 


2 10 3/2 [70,1-] 


(0,0) 


1 


1649 


A(1700)D 33 


4 10 1/2 [56,2+] 


(0,0) 





1909 


A(1910)P 3 i 


4 10 3/2 [56,2+] 


(0,0) 





1909 


A(1920)P 33 


4 10 5/2 [56,2+] 


(0,0) 





1909 


A(1905)F 35 


4 10 7/2 [56,2+] 


(0,0) 





1909 


A(1950)F 37 


2 10 3/2 [70,2-] 


(0,0) 


1 


1945 


[A(1940)D 33 ] 


2 10 5/2 [70,2-] 


(0,0) 


1 


1945 


A(1930)^ 35 


2 10 3/2 [70,2+] 


(0,0) 


2 


1945 




2 10 5/2 [70,2+] 


(0,0) 


2 


1945 


[A(2000)F 35 ] 


4 10 3/2 [56,0+] 


(1,0) 





1646 


A(1600)P 33 


2 10 1/2 [70,1-] 


(1,0) 


1 


1977 


A(1900)5 3 i 


2 10 3/2 [70,1-] 


(1,0) 


1 


1977 




2 10 1/2 [70,0+] 


(0T) 





1786 


[A(1750)P 31 ] 
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Table V: Spin-flavor coefficients of Ttm in transverse, Eq. (p.4) , longitudinal, Eq. (8.6), and scalar, 
Eq. (IS), helicity amplitudes for nucleon resonances: proton- and neutron-target couplings. 



Statp 


A/2 
"1/2 Pl/2 


^3/2 
"3/2 /?3/2 


.4 

"1/2 


n 

1/2 
Ml/2 


.4 

"3/2 


n 

3/2 
P3/2 




y (S) 


2 8 1/2 [56,0+] 





1 

3 











-2 
9 








1 

3 





2 8 3/2 [56,2+] 


-1 

Vl5 


-\/2 
3\/5 


1 

3^ 








2V2 








-y/2 
3V5 





2 8 5/2 [56,2+] 


-V2 
3\/5 


1 

VT5 


-2 

3^ 








-2 
3\/l5 








1 

Vl5 





2 8i/ 2 [70,0+] 





1 

3\/2 











-1 

9\/2 








1 

3V2 


-1 
3V2 


2 8i/ 2 [70,l-] 


-1 

3V3 


-1 
3\/6 








1 

3V3 


1 

9\/6 








-1 
3V6 


1 

3\/6 


2 8 3/2 [70,l-] 


-1 


1 

3\/3 


-1 
3V2 





1 

3^ 


-1 
9V3 


1 

3V2 





1 

3V3 


-1 
3V3 


2 8 3/2 [70,2+] 


-l 

v^O 


-1 
3\/5 


1 





1 

V30 


1 

9\/5 


-1 
3%/To 





-1 

3V5 


1 

3\/5 


2 8 5/2 [70,2+] 


-1 
3V5 


1 

\/30 


-vg 
3V5 





1 

3\/5 


-1 

3\/30 


V2 

3V5 





1 

V / 30 


-1 

%/30 


4 8 3/2 [70,0+] 

















1 

9V2 





1 

3\/6 








4 8i/ 2 [70,l-] 

















-1 
9V6 














4 8 3/2 [70,l-] 

















-1 

9\/30 





-1 

3\/l0 








4 8 5/2 [70,l-] 

















1 

3\/30 





1 

3vT5 








4 8i/ 2 [70,2+] 

















1 

9\/l0 














4 8 3/2 [70,2+] 

















-1 
9%/To 





1 

3V30 








4 8 5/2 [70,2+] 

















-1 

3\/210 





-1 
V105 








4 8 7/2 [70,2+] 

















1 

3%/35 





1 

3V21 








2 8i/ 2 [20,l+] 
































2 8 3/2 [20,l+] 
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Table VI: Spin-flavor coefficients of Tim in transverse, Eq. (8.4), longitudinal, Eq. (3.6), and scalar, 
Eq. (3.8), helicity amplitudes for delta resonances. 



State 


AP,n 
A l/2 

"1/2 Pl/2 


AP,n 
^3/2 

"3/2 ^3/2 


AP> n ( AP' n \ 

A i y^s ) 

7 (6) 


4 10 3/2 [56,0+] 





-V2 
9 





-V2 
3V3 





4 10 1/2 [56,2+] 





-V2 
9V5 


Q 








4 10 3/2 [56,2+] 





V2 
9~7E 





-V2 
3\/T5 





4 10 5/2 [56,2+] 





V2 
3VT05 





2 

VT05 





4 10 7/2 [56,2+] 





-2 
3\/35 





-2 





2 10 1/2 [70,0+] 





1 

9V2 








-1 

3V2 


2 10 1/2 [70,1-] 


1 

3\/3 


-1 
9\/6 








1 

3\/6 


2 10 3/2 [70,1-] 


1 

3V6 


1 

9\/3 


1 

3\/2 





-1 
3\/3 


2 10 3/2 [70,2+] 


1 

V30 


-1 

9V5 


-1 

3VlO 





1 

3V5 


2 10 5/2 [70,2+] 


1 

3^ 


1 

3\/30 


V2_ 
3y/E 





-1 
V30 
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Table VII: Analytic expressions of the matrix elements of the transition operators of Eq. (7.10) in the 
harmonic oscillator limit of (7(7) for N — > oo. The initial state is [56,0 + ]o- 



Final state 


(f\U\i) 


(f\f z \i)/m q k p 


(/|T±|*)/m,M 


[56,0+] 


e -fe 2 /3 2 /6 


\k(3e- k2 P 2 l & 





[70,1-]! 


v3 






[56,0+] 2 









[70,0+] 2 




_i_^(l_^ )e ^ 2 /6 





[56,2+] 2 








[70,2+] 2 


1 1.2/32 -k 2 /3 2 /6 
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Table VIII: Analytic expressions of the matrix elements of the transition operators of Eq. (7.1C) in the 
end string model for TV — > oo. The initial state is [56, 0+](o,o)- 



Final state 


(f\U\i) 


(f\f z \i)/m q k f3 




(f\f±\i)/m 


qko/3 


[56,0+ 


(0,0) 


jo{k0) 


3i(kf3) 









[70,1- 


(0,0) 


-iV3ji(kp) 


i^\jo{k(3)-2j 2 (kP)\ 






\-Mk0)] 


[56,0+ 


(1,0) 




l^k(3[2j (kp)-h(kf3)} 









[70,0+ 


(04) 













[56,2+ 


a 

(0,0) 






T-\ 


flMm + 




[70,2+ 


a 

(0,0) 






T\ 


flMm + 


him] 



Up to an overall constant. 
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Table IX: Analytic expressions of the matrix elements of the transition operators of Eq. (7.10) in the 
distributed string model for TV — > oo. H(x) = arctanx — x/(l + x 2 ). The initial state is [56, + ](o,o)- 



Final state (f\U\i) (f\f z \i)/m q k a (f\f±\i)/m q k a 



[56,0+] (0 , 0) 

[70,l-] (0 ,o) 
[56,0+] (1 , 0) 
[70,0+1(0,!) 

[70,2+]? 0i0) 



(l+/c 2 a 2 ) 2 



ka 



-1 VO (1+fe a a 2)2 
1-R 2 2k 2 a 2 



2 2 



1+i? 2 2fc 2 a- 

75 



(l + fc 2 a 2 ) 2 



■V5 



(l + fe 2 a 2 ) 2 



4fca 
(l + fc 2 a 2 ) 3 

8VJ (l + fc 2 a 2 ) 3 

1-_R 2 4fca(l-2fc 2 a 2 ) 
flv^ (l + fe 2 a 2 ) 4 



TTW (l+fc 2 a 2 ) 4 
3+7fc 2 a 2 



75 
V5 



fca(l+fc 2 a 2 ) 3 



3+7fc 2 a 2 



fea(l+fc 2 a 2 )3 










fea(l+fc 2 a 2 ) 2 



fca(l + fe 2 a 2 ) 2 



TV30 



TV30 



a Up to an overall constant. 
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Table X: Helicity amplitudes A?'" in 10~ 3 GeV~ 1/2 for nucleon resonances calculated in the Breit frame 
for R 2 — 0.0 (harmonic oscillator) (1), R 2 = 0.5 and R 2 — 1.0 (distributed string), (2) and (3), respectively. 
The calculations are done in a model space with n p + n\ < N = 20. The quark mass m q is M p /2.793, 
which corresponds to g = 1 and fi — fi p = 0.13 GeV - . The size parameters are obtained from the r.m.s. 
radius and are given by f3 = 0.855 fm, a = 0.242 fm and a — 0.248 fm, respectively. We have suppressed a 
factor of +i for the transitions to the negative parity states. The data are taken from |2ll]. 



Resonance 


State 




(1) 


A£>"(th) 
(2) 


(3) 


AP<"(exp) 


N(1440)Pn 


2 8 1/2 [56,0+] 


P.l/2 


+67 


+12 


+0 


-68 + 5 






n,l/2 


-45 


-8 


-0 


+39+15 


N(1520)L>i 3 


2 8 3/2 [70,l _ ] 


P.l/2 


-43 


-42 


-43 


-23 + 9 






n,l/2 


-27 


-27 


-27 


-64+8 






p,3/2 


+108 


+107 


+ 109 


+ 163 + 8 






n,3/2 


-108 


-107 


-109 


-141+11 


N(1535)Sh 


2 8 1/2 [70,1-] 




+158 


+160 


+ 162 


+74+11 






+125 


+126 


+ 127° 








n,l/2 


-109 


-111 


-112 


-72 + 25 








-101 


-102 


-103 Q 




N(1650)S U 


4 8 1/2 [70,1~] 


P,l/2 











+48 ± 16 








+75 


+91 


+91 Q 








n,l/2 


+21 


+25 


+25 


-17 + 37 








-33 


-40 


-41 Q 




N(1675)L>i 5 


4 8 5/2 [70,11 


P,l/2 











+ 19+12 






n,l/2 


-26 


-33 


-33 


-47+23 






p, 3/2 











+ 19+12 






n,3/2 


-37 


-47 


-47 


-69+19 


N(1680) J F 1 i5 


2 8 5/2 [56,2+] 


P.l/2 


-6 


-4 


-4 


-17+10 




n,l/2 


+55 


+40 


+40 


+31 + 13 






p,3/2 


+109 


+81 


+80 


+ 127+ 12 






n,3/2 











-30+14 


N(1700)L»i 3 


4 8 3/2 [70,l-] 


P.l/2 











-22 + 13 






n,l/2 


+8 


+11 


+11 


+ 56 






P,3/2 











0+19 






n,3/2 


+43 


+57 


+57 


-2 + 44 


N(1710)P U 


2 8 1/2 [70,0+] 


P,l/2 


-52 


-27 


-22 


+5 + 16 






n,l/2 


+17 


+9 


+7 


-5 + 23 


N(1720)P 13 


2 8 3/2 [56,2+] 


P.l/2 


+151 


+119 


+ 118 


+52 ± 39 






n,l/2 


-43 


-34 


-33 


-2 + 26 






P.3/2 


-50 


-39 


-39 


-35 + 24 






n,3/2 











-43 ± 94 


N(1990) J F 1 i7 


4 8 7/2 [70,2+] 


P,l/2 











+24 ± 30 






n,l/2 


+9 


+22 


+23 


-49 ± 45 






P,3/2 











+31 ± 55 






n,3/2 


+12 


+28 


+29 


-122 + 55 



a The results in this line are obtained by introducing a mixing angle as in Eq. (10.3) 
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Table XI: Same as Table kl but for delta resonances. 



Resonance 


State 


/' 


(1) 


(2) 


(3) 


A£>™(exp) 


A(1232)P 33 


4 10 3/2 [56,0+] 


1/2 


-90 


-91 


-91 


-141 + 5 






3/2 


-155 


-158 


-157 


-258+ 12 


A(1600)P 33 


4 10 3/2 [56,0+] 


1/2 


-37 


-7 


+0 


-20 + 29 






3/2 


-64 


-12 


+0 


+ 1 + 22 


A(1620)S 3 i 


2 10 1/2 [70,1-] 


1/2 


-44 


-51 


-51 


+19+16 
+30+10 


A(1700)P 33 


2 10 3/2 [70,11 


1/2 


-62 


-82 


-82 


+ 116+17 






3/2 


-62 


-83 


-82 


+77+28 


A(1900)5 3 i 


2 10 1/2 [70,1-] 


1/2 


-2 


-1 


+0 


+10+? 


A(1905)P 35 


4 10 5/2 [56,2+] 


1/2 


-10 


-12 


-11 


+27+13 






3/2 


-41 


-49 


-49 


-47+19 


A(1910)P 3 i 


4 10 1/2 [56,2+] 
4 10 3/2 [56,2+] 


1/2 


+ 15 


+ 18 


+17 


-12 + 30 


A(1920)P 33 


1/2 


-14 


-18 


-17 


+40+? 






3/2 


+25 


+31 


+30 


+23+? 


A(1930)P 35 


2 10 5/2 [70,2-] 


1/2 











-30 ± 40 






3/2 











-10+35 


A(1950)P 37 


4 10 7/2 [56,2+] 


1/2 


+21 


+29 


+28 


-73+14 






3/2 


+27 


+37 


+36 


-90+13 
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Figure 1 : Collective model of baryons and its idealized string configuration (the charge distribution 
of the proton is shown as an example) . 



Figure 2: Schematic representation of the spectrum of the harmonic oscillator quark model with 
three identical constituents. The excitations are labeled by n = n p + n\ and Lf, where it denotes 
the parity and t the transformation property under S3 (the equivalent label of D3 is used) . Each 
E state is doubly degenerate. 



Figure 3: Vibrations of the string-like configuration of Figure [l| 



Figure 4: Schematic representation of the vibrational and rotational excitations of the string-like 
configuration of Figure l] with three identical constituent parts. The vibrational excitations are 
labeled by (n u , n v +n w ) and the rotational levels by K, LJ , where K is the projection of the angular 
momentum L, 7r denotes the parity and t the overall (vibrational plus rotational) transformation 
property under the point group D3. Each E state is doubly degenerate. 



Figure 5: Plot of M 2 versus L for a selected number of nucleon resonances. The lines represent 
the fit with a = 1.064 GeV 2 . 



Figure 6: Mass spectrum of some nucleon resonances. Solid lines: collective string model, 
Eq. (3.1). Dotted lines: relativized quark model ||. Circles and vertical lines: experimental 



masses and their uncertainties, taken from |21 



Figure 7: Comparison between the experimental proton electric form factor G P E and the calcula- 
tions with R 2 = (harmonic oscillator, dotted line), R 2 = 0.5 and 1.0 (distributed string, dashed 
and solid line). The experimental data, taken from a compilation in ]37| , and the calculations are 
divided by the dipole form factor, F D = 1/(1 + Q 2 /0.71) 2 . 



Figure 8: Comparison between the experimental magnetic transition form factor for A(1232)P33 
and the calculations with R 2 = (harmonic oscillator, dotted line), R 2 — 0.5 and 1.0 (distributed 
string, dashed and solid line) . The experimental data, taken from the compilation in [|23| , and the 
calculations are divided by 3Fd- 



Figure 9: Comparison between the experimental transition form factor for the N(1520)Z?i3 reso- 
nance and the calculations with R 2 = (harmonic oscillator, dotted line) and R 2 — 1.0 (distributed 
string, solid line) . The experimental data are taken from the compilation in |j38| . 
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Figure 10: Same as Figure O, but for the N(1535)5n resonance. Two calculations are shown, one 



with no mixing 9 = 0°, and one with a mixing angle 9 = —38° (see Eq. ( 10.3 )). The experimental 
data are taken from the compilation in |23|. 



Figure 11: Same Figure |l0| , but for the N(1650)5ii resonance. The experimental data are taken 
from the compilation in |23|. 



Figure 12: Same as Fig ure |9[ but for the N(1680)i 7 i5 resonance. The experimental data are taken 
from the compilation in |38|. 



Figure 13: Comparison between the experimental proton helicity asymmetry for the N(1520)Z?i3 
resonance and the calculations with R 2 = (harmonic oscillator, dotted line) and R 2 = 1.0 
(distributed string, solid line). The experimental data are taken from the compilation in [^3f . 



Figure 14: Same as Figure PI, but for the N(1680)Fi 5 resonance. The experimental data are 
taken from the compilation in J23[. 



Figure 15: Geometric intrinsic variables characterizing the shape of baryons. 
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Figure || 
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Figure ^ 
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Figure ^ 
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